
5. V .N .  Pr ibylov  and L. T. Chernyi ,  nElectr i f icat ion of d ie lec t r i c  liquids flowing in tubes,  n Izv. Akad. Nauk 
SSSR, Mekh. Zhid. Gaza No. 6 (1979). 

6. L . B .  Leb, Static Elec t r i f ica t ion  [in Russian],  Gostekhizdat ,  M o s c o w - L e n i n g r a d  (1963). 
7o Ya. I. G e r a s i m o v  et al . ,  Course  in Physica l  C h e m i s t r y  [in Russian],  Vol. 2, Khimiya,  Moscow (1973). 
8. L A. Slezkin. Dynamics  of a Viscous Incompress ib le  Fluid [in Russian],  Gostekhizdat ,  Moscow (1955). 
9. D . S .  Kuznetsov,  Special Functions [in Russian],  Vysshaya Shkola Moscow (1962). 

10. Yu. K. Kopylov, ~Fundamental laws of the e lec t r i ca l  conductivity of h igh - r e s i s t ance  organic  liquids for  
an act ivat ion c h a r a c t e r  of contact p r o c e s s e s ,  ~ Organic Semiconducting Liquids, VOlo 27 [in Russian],  
Trudy Dneprope t rovosk  Inst. (1974). 

11. A . I .  Zhakin, ~Some p rob lems  of the e lec t rohydrodynamic  s tabi l i ty  and the e lec t roconvec t ion  of incom-  
p re s s ib l e  fluids, t' Author 's  Abst rac t  of Candidate ' s  Disser ta t ion ,  Kharkov State Univ. (1980). 

12. N. L Glinka, Genera l  Chemis t ry  [Russian t rans la t ion] ,  Khimiya,  Len ingrad  (1972). 
13. Lo S. Kaza tskaya  and L M o Solodovnlehenko, ~On the ro le  of e lectroinduct ion effects  of molecu les  in the 

production of charge  c a r r i e r s  in an organic  liquid, n Elektron.  Obrab.  Mater . ,  No. 2 {1979). 

I N I T I A L  A S Y M P T O T E  

O F  T H E  : P R O B L E M  O F  

ON A P L A N E  

A.  A. K o r o b k i n  

T O  T H E  S O L U T I O N  

D R O P L E T  I N C I D E N C E  

U DC 532.6 : 532.581 

The initial s tage of col l is ion of a spher ica l  droplet  on a solid plane is considered,  it is a s sumed  that the 
droplet  liquid is ideal and incompress ib le ,  and that sur face  tension and external  m a s s  fo rces  a r e  absent .  

This p rob lem is c lose ly  re la ted  to that  of ent ry  of a blunt body into a liquid, which was  f i r s t  considered in 
[1]. The method for  calculat ion of the r e s i s t i v e  fo rces ,  developed in [1], is based  on the assumpt ion  that the 
veloci ty dis t r ibut ion on the f r ee  sur face  at each moment  is the s ame  as that obtained d i rec t ly  a f t e r  col l is ion 
of a floating plate of the s ame  d imens ions .  

These  p rob l ems  have the following unique fea tu res :  1) the flow region fit is unknown; 2) the contact line 
between f r ee  liquid su r face  and the solid mus t  be de te rmined  at the boundary of the flow region; 3) s ingular i t ies  
may  appear  in the solution on this  l ine.  

A new approach to p rob lems  of this kind is the introduction of Lagrangian  coordinates  [2, 3], in which the 
flow region is fixed. 

1. At t i m e  t =0 a liquid sphere  of radius  a is tangent upon a solid plane,  which moves  along the z axis at 
velocity v. We mus t  find the liquid motion which then occurs .  In the space  fo rmed  by Lagrangian Car t e s i an  
coordinates  ~, 77, ~ the region occupied by the liquid is known, being a sphere  of radius a with cen te r  at the 
origin.  We denote this  region by ~20. The va r iab les  x, y, z denote the cor responding  Euler  coordina tes ,  F is 
the f r ee  su r face  of the liquid, and X is the contact spot between droplet  and solid plane. The Euler  equations,  
wr i t t en  in Lagrangian  coordinates ,  have the f o r m  [3] 

* r t Moxtt  -7"~-V~p -- 0, detM 0 = lin -Q0 (1.1) 

with boundary conditions PIF  =0, ztl Z = v and initial conditions xl t=0 = ~, xt l t=0,  where  x = (x, y, z); ~ = (~, ~, 
~); M0=0(x)/,~(g); M~' is the ma t r ix  conjugate to M0 and p is the p r e s s u r e .  The p rob lem is a complex one be -  
cause of its nonl inear i ty  and the exis tence of the unknown line on the sphere  boundary ~20, dividing F and Z. 

2. We will l i nea r i ze  Eq. (1.1) for  the initial r e s t  s ta te ,  keeping t e r m s  of ze ro th -  and f i r s t - o r d e r  s m a l l -  
ness  in d i sp lacement .  Fo r  the l inear ized  p rob lem we can introduce a d i sp lacement  potential  r 77~ ~, t), 
which in view of the continuity equation, will be a function harmonic  in ~20. F r o m  the momen tum equationfol lows 
that 

p = - -7~t t  (2.1) 
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thus  re la t ing  the p r e s s u r e  and the d i sp l acemen t  potent ia l .  With cons ide ra t ion  of this  e x p r e s s i o n ,  a f t e r  double 
in tegra t ion  over  t and use of the initial condit ions,  the condit ion on F m a y  be wr i t t en  as  ~ I F = 0 .  The nonflow 
condit ion t akes  on the f o r m  4~ztl E = - v .  

We in t roduce  Lagrang ian  sphe r i ca l  coord ina tes  p, 0, ~0 such that  ~ = p sin 0 cos % +1 = P sin 0 sin % ~ = 
p cos 0, 0 ~ 0 ~ a, 0 <-~ ~ ~ 2n. The p r o b l e m  fo rmula t ion  is invar ian t  r e l a t ive  to  ro t a t i on  about the z axis ,  
pe rmi t t i ng  s e a r c h  fo r  a funct ion ~ w h i c h  is independent of q0. Then in L a g r a n g i a n  coo rd ina t e s  the contact  l ine 
between the liquid f r ee  su r f a c e  and the sol id wal l  will  be speci f ied  by the e x p r e s s i o n  0 = 00(t), p =a,  w h e r e  00(t) 
mus t  be d e t e r m i n e d  in the c o u r s e  of solving the  boundary  p r o b l e m  fo r  ~. We w r i t e  the nonfiow condit ion in 
sphe r i ca l  coo rd ina t e s  and in tegra te  it ove r  t :  

(O0/Op)cos 0 -}- (tla)(O(I)/OO)sin 0 -= - -v t  -~ a(t - -  cos 0), p = a, 

0 ~ 0 < Oo(t). 

We divide the  left  and r ight  s ides  of the e x p r e s s i o n  by cos  0 and e x p r e s s  the r ight  s ide in t e r m s  of f i r s t  and 
second o r d e r  Legendre  po lynomia l s :  

0 0  t O ( b .  ~ a 
O-b- -~ a ~ tg u = ( 2  - -  2vt) Px (cos O) -}- ( v t -  ~ )  P~ (cos O) -}- 0 (tOo~), 

p = a ,  O<~O<Oo(t  ). 

The t e r m  a - t~0 tan  0 is quad ra t i ca l l y  sma l l  in c o m p a r i s o n  t o  ~p, s ince  as  t - -0 00(t) , and consequent ly  0 a l so  
van ishes ,  so  that  wi th in  the f r a m e w o r k  of l i n e a r  t h e o r y  it m a y  be dropped t o g e t h e r  with O(t~0). As a resu l t ,  
we obtain a mixed boundary  p rob l e m  fo r  a funct ion h a r m o n i c  at p < a :  

h O = 0 ,  p < a ,  ~ = 0 ,  p = a ,  0 0 ( t ) < 0 < ~ ,  (2.2) 
r  = (a/2 - -  2ut)Pi(cos 0) A- (~'t - -  a/2)P~(cos 0), p = a, 0 <~ 0 < Oo(t). 

M o r e o v e r ,  we m u s t  spec i fy  that  p a r t i c l e s  of the f r e e  s u r f a c e  cannot pene t r a t e  beyond the sol id wal l .  This 
l imi ta t ion  can be wr i t t e n  as  an inequal i ty  

O~ <~ (a - -  vt)/cos 0 - -  a, p = a, Oo(t ) < 0 ~< n/2, (2.3) 

which m u s t  be ver i f ied  a f t e r  so lut ion of the  p r o b l e m .  

We in t roduce  the  d i m e n s i o n l e s s  va r i ab le s  r ,  r and a new funct ion u(r, 0, ~) = (2/a+')q)(ar, 
2~) r Pl(cos 0) - -  (i/2)(~ - -  t)r~P~(cos 0), r = p/a, x = 2vt/a. F r o m  Eq. (2.2) it fol lows that  

hu  = 0, r < t, u = (2~ - -  t)Pz(cos 0) -~ (l/2)(t--~)P~(cos 0) -~. ](0, ~),: 

r = t ,  0 o < 0 ~ ,  u ~ = 0 ,  r = t ,  0 ~ < 0 < 0 o .  

We w[11 seek  a solut ion of this  p r o b l e m  in the  f o r m  of a s e r i e s  in Legendre  po lynomia l s  

u (r, O, x) = ~ An (x) r"Pn (cos 0). 
n ~  0 

Using the boundary  condi t ions ,  we a r r i v e  a t :  
o~ 

E A,+ ('0 P~ (cos 0) = / (0, ~), 0o < 0 <~ ~, 
n = 0  

~_~nA= ('0 Pn (cos 0) = 0, 0 <~ 0 < 0 o, 

O, aW2v) - -  (i - -  

(2.4) 

(2.5) 

(2.6) 

which a r e  t e r m e d  pa i red  s e r i e s  [4]. It wil l  be conveneint  to  in t roduce  new coeff ic ient  C n = 2 n A n / ( 2 n  +1), n ~ l  
and C0=0,  and the  n u m b e r s  gn = - 1 / 2 n ,  n ~ l ,  and go, any number .  The pa i red  s e r i e s  wr i t t en  in t e r m s  of Cn, 
gn take  on a f o r m  which is t e r m e d  s t anda rd :  

co 

>2 (,++�89 o<0<0o;  !2.7a/ 
~t~O 

~, (l - -  gn) CnP~ (cos 0) = ] (0, ~) --  A 0 (~), 00 < 0 ~ n. (2.7b) 
n ~  0 

ff C n (and thus  A n) is d e t e r m i n e d  by solut ion of Eq. (2.7), then the fo rma l  solut ion of Eq. (2.4) will  be given by 
the  s e r i e s  of Eq. (2.5). Sys tem (2.7) can be r educed  to  a r e g u l a r  F r e d h o l m  in tegra l  equat ion by a method  based  
on the M e l e r - D i r i e h l e t  in tegra l  r e p r e s e n t a t i o n  of Legendre  po lynomia l s  

" b 3 / - (  _ ~ ) d x  
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and expans ions  of c e r t a i n  d i scon t inuous  funct ions  in s e r i e s  in L e g e n d r e  p o l y n o m i a l s  [4]: 

oo ( 1/ {0, 0 ~ < t < 0 < r ~ ,  
%'~ sin n + ~: tP~ (cos O) = z.~ [2 (cos 0 - -  cos t)] -1:2, 0 < 0 < t ~ ~t; 

~ c o s ( n + _ ~ ) t P ~ ( c o s O ) = l [ 2 ( c o s t - - c o s O ) ] - ~ / " ,  0 < t < 0 < g ,  
(0, O <  O<t~< .~ .  

"/Z~O 

W e t ~ e  

c=(~)_ ; ,p (V, "O sin (n + {) VdV, 
Oo('r) 

(2.8) 

(2.9) 

(2.10) 

w h e r e  r Cx, ~-) is  a new unknown funct ion,  which is a s s u m e d  to be cont inuous ly  d i f f e r en t i ab l e  with r e s p e c t  t o  x 
and cont inual ly  d i f f e ren t i ab te  twice  with r e s p e c t  to  I-. If we  now subs t i tu te  Eq.  (2.10) into Eq. (2.7a), by using 
Eq. (2.9) we obtain  an ident i ty  [4]. Then,  subs t i tu t ing  Eq. (2.10) in Eq. (2.7b) we  obtain  a F r e d h o l m  equat ion 
fo r  ~ (x, T) 

1..~_ f 2 d (/(0, r) -- Ao 0:)) sin 0d0 
(p (X, ~) - -  a j  K (x, V) ~ (V, T) dg = -~ ~-x ~/2 (cos x -- cos 0) ' (2.11) 

0 e x 

Oo<x<~, 

the  in teg rand  of which  has  the  f o r m  

n = 0  

We ca lcu la t e  the  r igh t  s ide  of Eq. (2.11) and w r i t e  the F r e d h o l m  equat ion  in f inal  f o r m ,  us ing  the condi t ion 
Co(,') =0:  

cq 

n = l  O0 

__ -~ + 2A ~ o 

The coef f ic ien t  A0 if) is d e t e r m i n e d  a f t e r  so lu t ion  of th is  equat ion f r o m  the condi t ion C O = 0. 

3. We wil l  d e t e r m i n e  the  mo t ion  of the  f r e e  s u r f a c e .  Since r  only the  n o r m a l  componen t  of the 
d i s p l a c e m e n t  v e c t o r  ~ p I F  wil l  be n o n z e r o :  

�9 p=  (a/2)u r + (a/2 - -  2vt)Pl(cos 0) + (vt - -  a/2)P2(cos 0). 

It fo l lows f r o m  Eqo (2.5) tha t  
co 

it-- + 

Within th i s  e x p r e s s i o n  we subs t i tu te  the  e x p r e s s i o n  f o r  Cn0") in t e r m s  of r {x, r )  and use  the d i scont inuous  
s e r i e s  (2.8), (2.9): 

1 g ~ t~ oo 

rp~-o O0 O0 n = o  

0 0 ', ~ n = 0  

(0 o (~), ~) f % (v, x) dv 
- -  V 2  (~o~ Oo-~O~ o) " - . :  "V2 (~o~ v - co~ o) " 

0 o 

F r o m  condi t ion (2.3) we  obtain an equat ion  fo r  d e t e r m i n a t i o n  of 00if): 

~(0~,(~). ~) = O. 

The p r e s s u r e  is  d e t e r m i n e d  with Eq.  (2.1). Using the  r e l a t i o n s h i p s  4)(o, 0, t) and  u ( r ,  0, ~-), we w r i t e  

p = - -27u~( i ,  ,J, T), 0 ~ 0 <0o(~). 

(3.1) 

(3.2) 
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Applying Eqs .  (2.8), (2.9), a f t e r  var ious  t r a n s f o r m a t i o n s  we obtain 
:[ 

-- n:l O0 

the series in which converges absolutely, since Pn(cos 0)= O(n-t, ,/2) as n ~. The force of the droplet collision 
with the plate is d e t e r m i n e d  by in tegra t ing  the  p r e s s u r e  over  the contact  spot a r e a  

00 

= 2ga ~ J p (l, O, ~) sin 0d0 F 
0 

or ,  using Eqs .  (3.2), (3.3), we have 

)(; ) 
n = l  00 

40 We wiU find an app rox ima te  solut ion of in tegra l  equat ion (2.11). We expand the unknown funct ion 
q~(x, ~-), the d imens ion l e s s  t ime  7,  the coeff ic ient  A0ff ) and r 7) in s e r i e s  in 00: 

(x, ~) = ~o (z) + ~ (x) 0o + . . . ~  r (x, ~) = r (x) + r (x) 0o + . . . , :  (4.1) 

Ao @) = b o + b~0 o + b~0~ + ...., ~ = a~0~-[- a~0] + . . .  

"We a s s u m e  that  the  funct ion q~ (x, 7) is ana ly t ic  over  the in terva l  [0, ~r]. Then Eq. (2.11) can be wr i t t en  in the  
fol lowing m a n n e r :  

r~ 0 o 

(p (z, ~) , i 
-~ j K (x, y) ~ (y, "~) dy ~ --~ j K (x, y) (~ (y, "0 dy = r (x, ~), 0 o < x < .n. (4.2) 

0 0 

We expand the  in tegrand  K(x, y) using T a y l o r ' s  f o r m u l a  fo r  y E [0, 00): 

= ~ .  z (~.sin ~ ( 2 s i n T ) _ ~ _  ~ -2" ~ - *  g K(x,y)  T s m ~ +  I x 1 x x i z t x) +0(y~) .  In ctg-~- cos + sin T x cos 

The equat ion fo r  d e t e r m i n a t i o n  of ~00{x) fol lows f r o m  Eq. (2.11) at ~-=0. 

t 
J K (x, y) ~o (Y) dy = q~o (x). % ( x )  - -~ 
0 

We seek  a solut ion of th is  equat ion in the f o r m  

It can be shown that  
Vt:0 

t 2 ) x 4 . 3x 4 5x 
q)o (x) = --  2r~ ~ bo sin ~- --  ~ -  s m - F  + -g~ sin T 

Substi tuting Eq. (4~ in in tegra l  equat ion (402) and equating coeff ic ients  of ident ical  powers  of 00, we obtain an 
equat ion for  de t e rmina t ion  of (pn(x). Thus,  the equat ion fo r  ~1 (x) has  the f o r m  

t j K (x, y) ~1 (~) @ = % (z). ~1 (x) - -  .-4- 
0 

This equat ion is solved just  l ike the one fo r  cP0~x): 

r = "J' " ' - - ( - 'n )b  1 sin (x12). 

In the  equat ion for  q~2 (x) a cont r ibut ion  is p roduced  by 

00 
t ~ K(x, g) ~o (g) dg. 

0 

Using the  expans ion  of K(x, y) at iY[ < 00 and the f o r m  of ~o0(x) , we obtain 

(a2 2 1 t ) . x 8a~ . 3x 
q~2 (x) = 2~- --  "~ b2 i6n 4n b o sin -f _L ~ sin 2 _-" sin 

076 " -~"  
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F r o m  the  cond i t ion  C0ff) =0 we  def ine  the  f i r s t  t e r m s  in the  e x p a n s i o n  in 00 of the  coe f f i c i en t  A0ff): 

Ao (~) = (~ - ~)/4 + o (@. 
F r o m  th i s  it fo l lows  tha t  

00 0 o 

f ~o (y) eu = o (0o% ~f y~o (~) dy = o (0~), 
0 0 

f~l (X) ---- O. 

Using  t h e s e  r e l a t i o n s h i p s ,  we w r i t e  the  equa t ion  fo r  d e t e r m i n a t i o n  of go 3 (x) 

% (x) - -  --~ J K (x, g) q)3 (g) dg = ~3 (x). 
0 

The so lu t i on  of t h i s  e a u a t i o n  has  the  f o r m  

a3 2 x 8a  3 3x 4a 3 5~ sin -~-. 

The d e s i r e d  funct ion  ~ (x, ~) can  be w r i t t e n  in the  f o r m  

4 . 3x 
= s~n T - ~) s , .  ~ + 0 (00% 

Now knowing r we can  r e f i n e  the  va lue  of A0(r): 

T - - I  
Ao (x) -- 4 

F r o m  Eq. (3.1), we  def ine  0o(7"): 

- - -  + o ( @  

5. Using Eqs. (3.2), (3.3)we define the pressure onthe contact spot: 

3 w~ + o (~). (5 . , )  
P V2.~ l/cos o - -  cos % 

With Eq. (3.4) we than calculate the collision force 

F == 61/=Js,aV2vS/2tl/2+ O(t). (5.2) 

Us ing  Eqs .  (2.1), (5.1) we  f ind tha t  the  m a j o r  t e r m  in t he  a s y m p t o t e  of �9 is  not p o s i t i v e  on the  con tac t  spo t  as  
t - - 0 .  P h y s i c a l l y ,  t h i s  m e a n s  tha t  p a r t i c l e s  l y i n g  on the  con tac t  spo t  f low away  f r o m  the  poin t  0 = 0, p = a .  

We now a p p l y  a Ke lv in  t r a n s f o r m  to  the  func t ion  ~(p, 0, t)  wh ich  is  h a r m o n i c  w i th in  the  s p h e r e .  Then 
the  func t ion  

f O(o,O,t), p~a,: 
/ 

w(p,O,t)=~ 2 
N - - L . ( L - ,  0, t), O>~a 
t p p 

w i l l  be h a r m o n i c  o v e r  a l l  s p a c e  wi th  t he  s u r f a c e  E be ing  a s p e c i a l  e a s e .  On one s i de  of E we have  the  Neumann  
cond i t ion ,  and on the  o the r ,  a cond i t ion  of the  t h i r d  s o r t :  

wo+ w/a = (a - -  vt)/cos O --  a, p = a + O ,  0 ~ 0  < 0  o: E+, 

w o= ( a - - v t ) / c o s O - - a ,  p = a - - O ,  0 ~ 0  < 0 o : 2 _ .  

We t u r n  to  a new func t ion  q =Ow/3p ,  with  q be ing  h a r m o n i c  o v e r  a l l  s p a c e  and equal  to  z e r o  at  in f in i ty .  By the 
i n t e n s i f i e d  p r i n c i p l e  of the  m a x i m u m ,  q cannot  a c h i e v e  i t s  m a x i m u m  va lue  w i th in  t he  r e g i o n  of i t s  de f in i t i on .  
T h e r e f o r e  

q~<maxfmaxq ,  maxq/ '  p = a ,  0 o < 0 < ~ .  
E+ ] 

On ~_ m a x  q = v t / 2 ,  wh i l e  on Z+ m a x  q = v t /2  + m a x  (,b/a). Since 4, I E--< 0, t hen  q -< vt/ '2 a t  p = a ,  O 0 < 0 - rr. This  
i nequa l i t y  m a y  be i n t e n s i f i e d  to  

ql~=~<~ (a - -  vt)/cos 0 - -  a, 0 o < 0 ~  ~,'2. 

Thus,  tbe  so lu t i on  c o n s t r u c t e d  s a t i s f i e s  cond i t ion  (2.3). 
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Note 1. It is known thaL the p r e s s u r e  p is a subharmonie  f'anctio~a within [i! 0 [5]~ Since Viv0 on 22 and p : 0  
on F by definit ion,  consequent ly  p->0 within [~0, i .e . ,  t he r e  a re  no r a r e f a c t i o n  zones in the ~TLow., 

Note 2. Due to the axial s l ~ n m e t r y  of the p rob l em,  the cen t e r  of the m a s s  can move  only along the z 
axis  upon col l i s ion,  and its mot ion  can be d e t e r m i n e d  f r o m  Newton.~s law:  

md~Zd',!f '- --- F(t), 

w h e r e  m is the drople t  m a s s ,  Zd is the d i sp l acemen t  of the d rop l e t ' s  c en t e r  of m a s s  along the z axis ,  and F(t) 
is the  fo rce  speci f ied  by Eq.  (5.2)~ It can be seen  that  Z d =O(tS/2) as  t ~ 0 ,  i .e . ,  the mot ion  of the cen t e r  of 
m a s s  is negl igibly  smal l  in the initial s tage  of col l i s ion.  

Note 30 By applying an addit ional  condit ion (4~_< 0 on ~), the  p r o b l e m  of Eqs .  (2.2L (2.3) can be fo rmula t ed  
as  one with s ing le - s ided  inequal i t i es :  

* 
[ w ~ - - g  ) 0  

Am* = 0 i n  .~ 0, ~ w * ~ 0  on c?~0, 
/w* tw* "*~ 0 t \ P - - 5  1 ~  

w h e r e  w* = - ~ ,  g*  E H1/2 #0). We wil l  seek  a solut ion of th is  p r o b l e m  within  H i (a0). 
{vlv ~ H~(fZo), v ~ 0 on all0}, the cont inuous l ine r  funct ion 

L (v) = .f g*vdr, v ~ tt~ (f2o) 
0% 

and the  b i l inear ,  s y m m e t r i c ,  cont inuous f o r m ,  coe rc ive  on H 1 ~20) 

(u, v) ~ ,i Vu v  v&~ v, u ~ H 1 (f~0). 
t l  0 

We define the set  Uo~ 

With the  aid of G r e e n ' s  f o r m u l a  it can  be shown that  our  p r o b l e m  with s i ng l e - s ided  inequal i t ies  is equivalent  
to  the  va r i a t ion  inequal i ty  

~Ov*, v --  w*) >f L(v - -  ~v*), Vv ~ Uo. 

tt is known [6] that  a solut ion of this  inequal i ty  ex i s t s  and is unique in H 1 ~0). 

The p r o b l e m  of en t ry  of a blunt body into a l iquid can a l so  be fo rmu la t ed  as  a va r i a t ion  inequali ty,  but 
the ques t ion  of ex i s tence  and uniqueness  of its so lu t ion  is not then t r iv i a l ,  s ince the f o r m  ~(u, v) f o r  unl imi ted  
r eg ions  is not c o e r c i v e .  

6. The flow a sympto t e  cons t ruc t ed  above loses  mean ing  in some immed ia t e  vicini ty  of the l ine 0 = 00(t), 
p =a ,  the s i ze  of which  is of the o r d e r  of t as  t ~ 0 .  In th is  vic ini ty  the p r e s s u r e  and ve loc i ty  a r e  infinite,  and 
a s ignif icant  ro le  is played by the c o m p r e s s i b i l i t y ,  v i scos i ty ,  and su r f ace  t ens ion  of the l iquid.  Thus,  within 
this  r eg ion  it is n e c e s s a r y  to  cons t ruc t  an " in terna l  expansion,  ~ which d e s c r i b e s  the  flow fine s t r u c t u r e  only 
n e a r  the contact  l ine .  

Of spec ia l  in t e res t  in the p r o b l e m  of d rople t  co l l i s ion  a r e  the p r e s s u r e  value on the contac t  spot,  the 
point of appl ica t ion  of m a x i m u m  loading,  and the dura t ion  of this  ac t ion .  The bas i c  s tudies  of this  ques t ion  
(see r ev iew [7]) employ  the model  of an ideal c o m p r e s s i b l e  l iquid,  with neglect  of su r f ace  t ens ion  and ex te rna l  
m a s s  f o r c e s .  The mode l  of an ideal i n c o m p r e s s i b l e  l iquid was  used in [8] f o r  n u m e r i c a l  ca lcu la t ion  of the 
cen t ra l  co l l i s ion  of two drop le t s  in the absence  of m a s s  f o r c e s .  As t ~ 0  the a c c u r a c y  of the n u m e r i c a l  ca l -  
culat ions d e c r e a s e s  s igni f icant ly ,  so  tha t  an ana ly t i ca l  s tudy of the  initial co l l i s ion  s tage  which d e t e r m i n e s  the  
en t i re  ~h is to ry"  of the  mot ion  is of g r ea t  i m p o r t a n c e .  C o m p r e s s i b i l i t y  mus t  be cons ide red  only at the  v e r y  
f i r s t  m o m e n t  of Lime [9, 10], be fo re  the  c o m p r e s s i o n  wave  f ront  has  depar t ed  beyond the  l imi t s  of the contact  
spot .  This s t age  of d rop le t  co l l i s ion  with a sol id plane was  studied in [11]. 

We wil l  now ca lcu la te  the Webe r  n u m b e r  W =a'yv2/(x, F r o u d e n u m b e r  F r  = v'2/ag, Reynolds  n u m b e r  Re = 
av /v  and Much n u m b e r  M = v / c  f o r  this  p r o c e s s ,  w h e r e  a is the drople t  r ad ius ,  7 is the l iquid dens i ty ,  v is 
the co l l i s ion  ve loc i ty ,  a is the su r f ace  t ens ion  coeff ic ient ,  g is the a c c e l e r a t i o n  of g r a v i t y ,  v is the k inema t i c  
v i s c o s i t y  coeff ic ient ,  and e is the speed of sound in the l iquid.  At a = 3 . 1 0  -'~ m,  v = 1 0 0  m / s e e ,  u =10 -r m 2 / s e c ,  
e=1500  m / s e c ,  o ' = 7 2 . 5 8 . 1 0  -8 J / m  2, X=10 a k g / m  3, g = 9 . 8 !  m / s e e  2 we obtain W, Fr  ~-10 ~, Re .~105, M .-~10 -2 . 

Thus,  in this  ve loc i ty  range  it can be expected  that  the f o r c e s  of v i scos i ty ,  s u r f a c e  tens ion ,  and g r a v i t y  
have an ins igni f icant  effect  on the co l l i s ion  p r o c e s s ,  whi le  the c o m p r e s s i b i l i t y  of the l iquid can be neg lec ted  
a f t e r  the  c o m p r e s s i o n  wave  p a s s e s  onto the  drople t  f r e e  s u r f a c e .  
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D E V E L O P M E N T  O F  I N I T I A L  P E R T U R B A T I O N S  

O F  T H E  E X T E R N A L  B O U N D A R Y  O F  AN E X P A N D I N G  

G A S  - L I Q U I D  R I N G  

S.  V. S t e b n o v s k i i  UDC 532.529 

In studies of su r face  phenomena re la ted  to underwater  explosions,  in pa r t i cu la r ,  in studying the p ro ce s s  
of splash dome format ion ,  the development  of per tu rba t ions  in the initiM stage of f ree  su r face  motion is of 
in teres t .  A convenient model  to use in such studies is that  of the flow occurr ing  upon explosion of a cyl indrical  
charge  in a cyl indrical  liquid ring, where  the f ree  sur face  f o r m  coincides with that of the charge .  The stabi l i ty  
of an expanding liquid r ing has been cons idered  in a number  of s tudies .  

Thus,  assuming an ideal i ncompress ib l e  liquid, [1] cons idered  the s tabi l i ty  of initial pe r tu rba t ions  of a 
thin liquid ring expanding iner t ia l ly .  It was  shown that in the genera l  case  such motion is unstable;  introduction 
of su r face  tension has a stabil izing effect  on ha rmon ics .  But in the case  where  the liquid motion takes  place 
under the s t imulus  of impulse loading, commencemen t  of liquid mot ion is preceded by exit of a shock wave 
onto the liquid su r face ,  as a resul t  of which the ref lec ted  unloading wave des t roys  the continuity of the liquid 
medium.  Thus in this case  the validity of using s tabi l i ty  e s t ima te s  obtained in p rob lems  concerning expansion 
of a continuous liquid ring is quest ionable .  

The p resen t  study is an exper imenta l  investigation of the development  of initial pe r tu rba t ions  on the ex-  
te rnal  sur face  of an expanding g a s - l i q u i d  r ing.  Such a flow was  rea l i zed  in the following manner .  Along the 

Novosibirsk.  Trans la ted  f r o m  Zhurnal PriMadnoi Fiziki i Tekhnicheskoi Mekhaniki,  No. 5, pp. 45-50, 
September-Oetober~ 1982. Original a r t i c le  submit ted March 31, 1982o 

0021-8944/82/2305-!)(~:~:~,.~07.50 �9 1983 Plenm~ Publishing Corpora t ion  6:~?, 


